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Abstract
We calculate the effective vertices for the quark-antiquark and the quark-antiquark-
gluon production in the virtual photon - Reggeized gluon interaction. The last ver-
tex is considered at the Born level; for the first one the one-loop corrections are
obtained. These vertices have a number of applications; in particular, they are
necessary for calculation of the virtual photon impact factor in the next-to-leading
logarithmic approximation.





Investigation of processes with the Pomeron exchange remains to be one of the important
problems of high energy physics. A special attention is attracted by the so called semi-
hard processes, where large values of typical momentum transfers Q2 give a possibility to
use perturbative QCD for their theoretical description. The most common basis for such
description is given by the BFKL approach [1]. It became widely known since discovery
at HERA of the sharp rise of the proton structure function at decrease of the Bjorken
variable x (see, for example, [2]). Recently the total cross section of the interaction of two
highly virtual photons was measured at LEP. This process, being the one-scale process,
seems to be even more natural for the application of the BFKL approach than the two-
scale process of the deep inelastic scattering at small x, since here the evolution in x
described by the BFKL equation does not interfere with the evolution in Q2 described by
the DGLAP equation.
For a consistent comparison with the experimental data the theoretical predictions
must be obtained in the next-to-leading approximation (NLA), where together with the
leading terms (s ln(s))
n the terms s(s ln(s))
n are also resumed. The radiative correc-
tions to the kernel of the BFKL equation were calculated several years ago [3]-[8] and the
explicit form of the kernel of the equation in the NLA is known now [9, 10] for the case
of forward scattering . But the problem of calculation in the NLA of the so called impact
factors, which describe the coupling of the Pomeron to the scattering particles, remains
unsolved.
Let us remind (see, for example, Ref. [11] for the details), that in the BFKL approach
the relevant to the irreducible representation R of the colour group in the t-channel part
(AR)A′B′AB of the scattering amplitude for the process AB ! A0B0 at large c.m.s. energyp
s!1 and xed momentum transfer q  q? (? means transverse to the initial particle
momenta plane) is expressed in terms of the Mellin transform of the Green function of the
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B′B (−~q2;−~q; s0); (1.1)
where Ims means the s-channel imaginary part, the vector sign is used for denotation of
the transverse components,  enumerates the states in the representation R, D = 4 + 2
is the space-time dimension dierent from 4 to regularize both infrared and ultraviolet
divergencies and the parameter s0 is articial and introduced for a convenience. While
the Green function obeys the generalized BFKL equation [11]
!G(R)! (~q1; ~q2; ~q) = ~q
2
1 (~q1 − ~q)2(D−2)(~q1 − ~q2) +
∫
dD−2k
~k 2(~k − ~q)2K
(R)(~q1; ~k; ~q)G(R)! (~k; ~q2; ~q)
(1.2)
1
with the NLA kernel K(R) and is completely dened by this equation, the impact factors
should be calculated separately. The denition of the NLA impact factors has been given
in Ref. [11]; in the case of denite colours of c and c0 of the Reggeized gluons the impact
factor has a form [12]
cc
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where !(t) is the Reggeized gluon trajectory and the intermediate parameter sΛ should go
to innity. The integration in the rst term of the above equality is carried out over the
phase space df and over the squared invariant mass  of the system ffg produced in the
fragmentation region of the particle A, ΓcffgA are the particle-Reggeon eective vertices
for this production and the sum is taken over all systems ffg which can be produced in
the NLA. The second term in Eq. (1.3) is the counterterm for the LLA part of the rst
one, so that the logarithmic dependence of both terms on the intermediate parameter
sΛ ! 1 disappears in their sum; KBornr is the part of the leading order BFKL kernel
related to the real gluon production (see Refs. [12] for more details). It was shown in
Ref. [13] that the denition (1.3) guarantees infrared niteness of the colourless particle
impact factors.
It is clear from above that for complete NLA description in the BFKL approach one
needs to know the impact factors, analogously as in the DGLAP approach one should
know not only the parton distributions, but also the coecient functions.
This paper is an extended version of the short note [14], which can be considered
as the rst step in the calculation of the virtual photon impact factor in the NLA. We
calculate here the virtual photon-Reggeon eective vertices which enter the denition
(1.3) in the case when the particle A is the virtual photon. In the NLA the states which
can be produced in the Reggeon-virtual photon collision are the quark-antiquark and
the quark-antiquark-gluon ones. In the next Section we present the eective vertices for
production of these states in the Born approximation. This approximation is sucient
to nd in the NLA the contribution to the virtual photon impact factor from the quark-
antiquark-gluon state. In the case of the quark-antiquark state we need to know the
eective production vertex with the one-loop accuracy. Sections 3-5 are devoted to the
calculation of the one-loop corrections. In Sections 3 and 4 we consider the two-gluon
and the one-gluon exchange diagrams correspondingly; in Section 5 the total one-loop
correction is presented. The results obtained are discussed in Section 6. Some details of
the calculation are given in Appendix A.
In the following the photon-Reggeon eective vertices presented in this paper will be
used for the calculation of the photon impact factor. But they could have many other
applications, for example, in the diractive production of quark jets and so on.
2
2 The Born interaction vertices
In this section we present the vertices for the qq and the qqg production in the Reggeon-
virtual photon collision in the Born approximation for the case of completely massless
QCD. These vertices can be obtained from the high energy amplitudes with the octet
colour state and the negative signature in the t-channel for collision of the virtual photon
with any particle, if the corresponding system is produced in the virtual photon frag-
mentation region. For simplicity we always consider collision of the virtual photon with
the momentum pA and the quark with the momentum pB. We use everywhere below the
Feynman gauge for the gluon eld, the Sudakov decomposition of momenta
p = p1 + p2 + p?;  =
p2 + ~p 2
s
; p21 = p
2
2 = 0;
s = 2p1p2 !1; ~p 2  −p2?; (2.1)
with the lightcone basis in the longitudinal space dened by





A = −Q2; pB = p2; p2B = 0 ; (2.2)


















in the numerator of the gluon propagator connecting vertices  and  with momenta
predominantly along p1 and p2 respectively. The virtual photon polarization vector e is
taken in the gauge ep2=0, so that









so that in the case of the longitudinal polarization, when ~e2L = 1, we have eLp1 = Q.
Let us start with the calculation of the quark-antiquark production vertex. The dia-
grams of the production process contributing in the Regge asymptotics are shown in Fig.
1.
As was already mentioned, the quark-antiquark pair is produced in the photon frag-
mentation region, so that the invariant mass
p
 of the pair is of order of typical transverse












QQ are corresponding particle-Reggeon eective vertices in





















Figure 2: Schematic representation of the vertex Γ
c(0)
γ∗qq¯.
only the octet colour state and the negative signature in the t-channel, so that it is not
necessary here to perform any projection. The notations for all momenta are shown in









where g is the coupling constant, tc are the colour group generators in the fundamental
representation and u is a quark spinor wave function. Then, comparing Eqs. (2.6), (2.7)
with the explicit form of the amplitude given by the diagrams of Fig. 1, one can easily
obtain for Γ
c(0)
γ∗qq¯ the diagrammatic representation of Fig. 2 (see Ref. [13]), where the
zig-zag lines represent the Reggeon with the momentum
q = − +Q
2 + ~q 2
s
p2 + q?; t = q2 = q2? = −~q 2; (2.8)
and the colour index c. The lowest order eective vertices for interaction of the Reggeon
with quarks and gluons are dened in Fig. 3 (see Ref. [13]).
The vertex Γ
c(0)
γ∗qq¯ can be obtained from the diagrams of Fig. 2 by the usual Feynman
rules as the amplitude of the quark-antiquark production in collision of the virtual photon




















− [1 $ 2]
)
; (2.9)
where eqf is the electric charge of the produced quark, i1 and i2 are the colour indices of






k1 + k2; c























Figure 3: The quark-quark-Reggeon and the gluon-gluon-Reggeon eective vertices. T c





(2x2(ek1)− 6 e? 6 k1?) ; Γ^2 =
1
x2
(2x1(ek2)− 6 k2? 6 e?) ;
ti = (pA − ki)2 = −




with the variables xi dened by the Sudakov decompositions of the produced quark and
antiquark momenta
ki = xip1 +
~k 2i
sxi
p2 + ki?; k
2
i = 0 ; i = 1; 2 : (2.11)
The substitution 1 $ 2 in Eq. (2.9) means replacement quark $ antiquark , i.e. x1 $
x2 ; ~k1 $ ~k2 together with replacement of the polarizations. Validity of the second equality
in (2.9) can be easily veried using the charge conjugation matrix. We will need later the
Born eective vertex Γ
c(0)
γ∗qq¯ also in the helicity representation for the case of the space-time
dimension D equal 4. To obtain it we use the polarization matrix












γ (1− γ5) ; (2.12)
where
e0123 = 1 ; γ5 = iγ
0γ1γ2γ3 ; (2.13)
and  = 1 is a double helicity of the produced quark. The polarization matrix satises
the evident relations
6 k2^ = ^ 6 k1 = (1− γ5) ^ = ^ (1 + γ5) = 0 : (2.14)


















;  = 0;1:
(2.15)




















































Figure 4: Schematic representation of the vertex Γ
c(0)
γ∗qq¯g.
−(~k1~q + iP ) (x2;− − x1;)
}]





















(~k1~q + iP ) +
x1
t2
(~k2~q − iP )
)]
; (2.16)





with the property P 2 = ~k 21
~k 22 − (~k1~k2)2, and the replacement (1 $ 2) is x1 $ x2 ; ~k1 $
~k2;  $ −.
Next we do is the calculation of the quark-antiquark-gluon production eective vertex
Γ
c(0)
γ∗qq¯g. It can be obtained through the usual Feynman rules with the elementary Reggeon
vertices dened at Fig. 3 as the amplitude of the quark-antiquark-gluon production in
the virtual photon-Reggeon collision represented by the diagrams of Fig. 4, where the
denotations of momenta are presented. The colour indices of the Reggeon and the emitted
gluon are c and b respectively. The Reggeon momentum is given by Eq. (2.8), where 
now is the quark-antiquark-gluon squared invariant mass. The vertex Γ
c(0)
γ∗qq¯g obtained
in this way is invariant with respect to the gauge transformations of the emitted gluon
polarization vector eg and can be simplied by appropriate choice of the gauge. We use
the axial gauge
egp2 = 0; eg = −2(eg?k?)
s
p2 + eg?; (2.18)
where  is dened by k = p1 + ~k
2=(s)p2 + k?. In this gauge the last nonlocal term in
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g( 6 k+ 6 k1)
6 p2
s
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6 p2
s
( 6 k1+ 6 q) 6 eg( 6 pA− 6 k2) 6 e+
1
(k + k2)2(pA − k1)2
 6 e( 6 pA− 6 k1) 6 p2
s
( 6 k+ 6 k2) 6 eg −
1
(k + k2)2(k1 + q)2
6 p2
s
( 6 k1+ 6 q) 6 e( 6 k+ 6 k2) 6 eg
+
( 6 e( 6 pA− 6 k1)γ
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3 The one-loop correction: the two-gluon exchange
diagrams
In this section we consider the contribution of the two gluon exchange diagrams to Γcγ∗qq¯.
There are six diagrams of such kind for the process we consider; they are shown at Fig.
5.
Now we have to perform the projection on the negative signature and the octet colour
state in the t-channel. It is done by the following replacement of the colour factor of the



















































Figure 5: The two-gluon exchange Feynman diagrams for the process γQ! (qq)Q.
where N is the number of colours, D1 is the amplitude represented by the diagram of Fig.
5(1) with omitted colour generators in any its vertex, and 2D2 is such amplitude for the
diagram of Fig. 5(2).
The calculation of D1 is quite straightforward. Note here that since our nal goal is
the virtual photon impact factor in the physical space-time, and since the integration over
the quark-antiquark states in Eq. (1.3) is not singular, we need to retain in the vertex
Γcγ∗qq¯ and consequently in the amplitude A(2g)(8;−)(1)Qγ∗!Qqq¯ only the terms which do not vanish
at  ! 0. Therefore all one-loop results are presented in this paper with such accuracy.
In the convenient for us form we have


































































where the rst term is responsible for the Reggeization of the amplitude A(8;−)Qγ∗!Qqq¯ with
!(1) being the one-loop Reggeized gluon trajectory,







and Γ(z) and  (z) are the Euler Γ-function and its logarithmic derivative correspond-
ingly. The calculation of D2 is more complicated and we present some details of it in the
Appendix. Here we write down only the result


























2 − 22 0(1)
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Note that the imaginary parts of D2 (in the (pB′ + k2)
2-channel) and D2(1 $ 2) (in
the (pB′ + k1)
2-channel) which would destroy the Reggeization cancel in the amplitude
A(8;−)Qγ∗!Qqq¯. Although in the NLA BFKL approach there is no requirement of the Reggeiza-
tion of full amplitudes (the Reggeization of their real parts is sucient), we see that
nevertheless the Reggeization holds also without omitting of any imaginary part for the
process Qγ ! Qqq.
The amplitude AQγ∗!Qqq¯ with the octet colour state and the negative signature in the



















































Let us now split the one-loop contributions to this amplitude and both of the eective
vertices according to the three sets of the one-loop diagrams for AQγ∗!Qqq¯: the two-gluon
exchange diagrams, the t-channel gluon self-energy diagrams and the one-gluon exchange
diagrams










































































where the self-energy diagrams and one-gluon exchange diagrams have automatically only
the octet colour state and negative signature in the t-channel, so that
A(se)(8;−)(1)Qγ∗!Qqq¯  A(se)(1)Qγ∗!Qqq¯; A(1g)(8;−)(1)Qγ∗!Qqq¯  A(1g)(1)Qγ∗!Qqq¯: (3.8)
We remind that in our case of completely massless quantum eld theory the contribution
from the renormalization of the external lines is absent in the dimensional regularization.
Now, from the representations of Eqs. (3.7), (3.8) it is easy to see that Γ
(1g)c(1)
γ∗qq¯ is given by
the radiative corrections to the amplitude of the quark-antiquark production in collision
of the virtual photon with the gluon having momentum q, colour index c and polarization
vector −p2=s, whereas Γ(1g)c(1)QQ is dened by the radiative corrections to the vertex of







Figure 6: The two-gluon exchange Feynman diagrams for the process qQ! qQ.






































which shows that we need to know the correction Γ
(2g)c(1)
QQ . This correction can be obtained
from the two-gluon contribution to the Qq elastic scattering amplitude with the colour
octet and the negative signature in the t-channel in the Regge kinematical region. From
Eq. (3.9) with the replacements
Γ
(2g)c(0;1)

































The value A(2g)(8;−)(1)Qq!Qq is given by the contribution of two diagrams of Fig. 6 through
the same procedure (3.1) for the lowest line of these diagrams to project on the negative




Nh10jtcj1ihB0jtcjBi (D3 −D3(s$ −s)) ; (3.13)
where the D3 is the amplitude represented by the diagram of Fig. 6(a) with omitted
colour factors. The calculation of this diagram is quite simple and we do not present any








+  (1) +  (1− )− 2 (1 + )
]








+ 1 + − 4 0(1)
)
; (3.14)
where the last approximate equality shows the expanded in  result which is enough for







































2 − 22 0(1)
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The last equality gives the integral representation for the one-loop two-gluon exchange
part of the Reggeon-virtual photon eective vertex for the quark-antiquark production.
Although all the integrals in (3.15) can be expressed in terms of elementary functions and
dilogarithms with the necessary accuracy in -expansion, it seems more convenient to leave
the result in such unintegrated form in order to have a possibility to use usual Feynman
parametrization and to change orders of integrations over all Feynman parameters at
subsequent calculation of the impact factor. Performing the integrations in Eq. (3.15)
one looses this possibility and has to do a step back to an unintegrated result to restore
it. Let us nally note, that the method of extraction of Γ
(2g)c(1)
γ∗qq¯ from the corresponding
part of the amplitude we used here is absolutely equivalent to one proposed in Ref. [13]
and gives the same result that has been checked by direct comparison.
4 The one-loop correction: the one-gluon exchange
diagrams
In this section we consider the contribution of the one-gluon exchange diagrams to the
vertex Γcγ∗qq¯. It is presented by the diagrams of Fig. 7 with the gluon polarization vector
equal to −p2=s, as already was explained in the previous Section. Calculating the colour

























and the notations 2R1; :::; 2R4;−2R5 and 4 ~R6 for the amplitudes represented by the di-
agrams of Figs. 7(1), ... , (4), (5) and (6) respectively with omitted colour generators
in any vertex and the external virtual gluon polarization vector equal to p2=s. While
the denition of R1; :::; R4 is absolutely clear, the R5 and ~R6 are not well dened by the
above prescription because of presence of three-gluon vertices in the corresponding dia-
grams Figs. 7(5) and 7(6). To complete their denition we have indicated explicitly the
momenta and vector indices for the three-gluon vertex for which the following expression
should be used after the omission of colour generators
























































Figure 7: The diagrams corresponding to the correction Γ
(1g)c(1)
γ∗qq¯ .
The calculation of R1; R2; R3 and R5 is simple and we present here only the list of the
results in integral form without any details




























































Γ^1 + (2− )x2
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Γ^1 − (2 + )Γ^1 + (1 + 2)x2

(








Γ^1 − (1 + )x2
(




The calculation of R4 and ~R6 is, actually, also quite straightforward, though it is very
tedious. To simplify representation of the results, we split the corresponding diagrams
into two parts: infrared divergent part and convergent one. For the rst part we present
results in the spinor representation and for another part in the helicity representation
with the use of the denitions of Eqs. (2.12), (2.15). Besides that, instead of the result




(R6 − R6(1 $ 2)) (4.8)













dzdy1dy2 (1− y1 − y2) z1+
[zy1y2 (−− i) + (1− z) (y1Q2 − y2t− (1− y1 − y2)t1)]2−
[(1− y1 − y2)
(
(1− z(1− y2)) x2
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dzdy1dy2 (1− y1 − y2) z






y2t− (1− y1 − y2)t1)− zy1y2
][(
(1− y2)(~k1~q + iP )− y2x1~q 2
)
zx2;− − ((1− zy1)
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x1~q
2 + ~k1~q + iP
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+ (1− z) (y1x1 + (1− y2)x2)
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x1(~k2~q − iP )− zy1(~k1~q − iP − x1t1)
)
p2qQ;0 + z(1− y1− y2)
((
~k 21 ~q
2 − x1t1(~k1~q + iP )
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(;− − ;) + 2(~k1~k2 − x1x2Q2)
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+ y1x1x2 (t2;− − t1;)− y1x1Q2;
]




2;− − 3~k 21 ; + y1x1Q2 (;−x2 + ;x1) + 2y2x2;
]})
: (4.12)
The result for the correction Γ
(1g)c(1)
γ∗qq¯ is obtained now by Eq. (4.1) with the replacement
~R6 ! R6; (4.13)
where R1; R2; R3 and R5 are presented by Eqs. (4.4), (4.5), (4.6) and (4.7) respectively






5 The total one-loop correction
There is one more one-loop contribution to the vertex Γcγ∗qq¯ related to the t-channel
gluon self-energy. It is given by the half of the amplitude schematically represented at
Fig. 8 with the gluon polarization vector equal to −p2=s, as was already explained in
the Section 3. To nd the correction Γ
(se)c(1)
γ∗qq¯ one should only know the one-loop gluon


















































where nf is the number of quark flavours.
We present the total one-loop correction to the vertex of the quark-antiquark produc-

































































γ∗qq¯ ; R1 − R3; R5; R(s)4 and R(s)6 are dened in Eqs. (3.15), (5.1), (4.4)
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dzdy1dy2 (1− y1 − y2) z1+2
[zy1y2 (−− i) + (1− z) (y1Q2 − y2t− (1− y1 − y2)t1)]2−
[(1− y1 − y2)
(
(1− z(1− y2)) x2
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The relations (5.2), (5.3), (5.5) together with Eqs. (4.11, 4.12) present the one-loop
correction to the γR! qq vertex.
6 Discussion
In this paper we have calculated the eective vertices for the Reggeon-virtual photon
interaction. Starting from already known expressions (2.9), (2.10) for the qq production
vertex in the Born approximation we have represented this vertex in the helicity basis
(2.16) and then have obtained in the same approximation the vertex (2.19) for the qqg
production. The most of the paper is devoted to the calculation of the one-loop corrections
for the qq production vertex, which are presented in Eqs. (5.2), (5.5), (5.3), (4.11) and
(4.12). In order to simplify the presentation the last three results are given in the helicity
basis, that caused the representation in this basis also the Born qq production vertex
(2.16).
The obtained results can be used for theoretical analysis of a number of processes
related to the quark-antiquark production in the photon fragmentation region. In par-
ticular, they are necessary for calculation of the virtual photon impact factor at the
next-to-leading order (see Eq. (1.3)). We have used the integral representation for a part
of the one-loop corrections to the qq production vertex since it is convenient for further
calculation of the virtual photon impact factor in the next-to-leading order.
Note, that everywhere in the paper g is the unrenormalized coupling constant, so that
the one-loop correction contains the ultraviolet singularities in . In order to remove them
one should only express g in terms of the renormalized coupling constant g(). After the
renormalization there still remain the infrared singularities, which must cancel in physical
quantities (in the virtual photon impact factor they cancel [13] with corresponding terms
in the contributions from the additional gluon emission and from the counterterm (see
Eq. (1.3)).
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A Appendix A
In this section we explain very briefly important steps for calculation of the most compli-
cated diagram D2 (Fig. 5(2)) to make our results checkable step by step. According to





∫ dDku1γ (6 k+ 6 pA− 6 k2) 6 e (6 k− 6 k2) γv2uB′γ ( 6 k+ 6 pB′) γuBgg
[(k + pB′)2 + i] [(k + pA − k2)2 + i] [(k − k2)2 + i] [k2 + i] [(k + q)2 + i] : (A.1)
It was explained in details in Ref. [13], that the negative t-channel signature combination
of the two pentagon diagrams of Fig. 5, or, that is the same, the s $ −s antisymmetric
part of the D2, gets the contribution only from the integration region where
~q 2  ~k 2  jkp1j  jkp2j  s ; (A.2)
and therefore we can replace from the beginning
1




and understand this singularity in a sense of the principal value everywhere below. In
order to simplify also the numerator of theD2 we use the familiar replacement (2.3) for the
t-channel gluon propagators. These simplications lead to the following representation
for D2








[(k + pA − k2)2 + i] [(k − k2)2 + i] [k2 + i] [(k + q)2 + i]
u1
{
6 e ( 6 k− 6 k2) + (6 k+ 6 q) 6 e+ s
2kp2




Since the structure of D2 is like the box diagram with two massive external lines in
opposite corners, it is convenient to perform the Feynman parametrization joining rst the
pairs of propagators which meet in each of the vertices with massless external lines, and
then to join two denominators obtained in this way using the third Feynman parameter.
Doing so we naturally get the result of momentum integration in the form where the
dependence on the third Feynman parameter factorizes and the integration over this
parameter can be performed straightforwardly. So we use in Eq. (A.4) the representation
1





[k2 + 2k ((1− y3)(q + y1k1)− y3y2k2) + (1− y3) ((1− y1)t+ y1t2) + i]4
: (A.5)
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which leads, together with Eq. (A.5), to the expression








{ 6 e ( 6 k− 6 k2) + (6 k+ 6 q) 6 e





s (x1 6 e ( 6 k− 6 k2)− x2 ( 6 k+ 6 q) 6 e)






p = (1−y3)(q+y1k1)−y2y3k2 ; b2 = (1−y2) (−(1− y1)t− y1t2)+y2
(



























( 6 q− 6 p) 6 e− 6 e ( 6 k2+ 6 p) + x2 ( 6 q− 6 p) 6 e+ x1 6 e (6 k2+ 6 p)









After some simplifying algebra with the use of the fact that D2 enters into our result
for the vertex only in the antisymmetric under the replacement 1 $ 2 combination (see


































((1− y3)y1 − zy3y2) +
2

((ek1) (1− y1)− x2(ep1))
]
v2 ; (A.11)

































2 − z2−1y−12 y−1
)
; (A.13)
which are valid with an enough for us accuracy in the -expansion, lead to the result (3.5).
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